For each odd prime power q with q ≥ 5 and 4 | q − 1, we investigate the structure of the representation category of the quantum double of SL(2, q), determining its tensor products and braidings.
Introduction
Let Γ be a finite group. For a closed oriented 3-manifold M , the untwisted Dikgraaf-Witten invariant Z Γ (M ) counts homomorphisms of π 1 (M ) to Γ. DW theory was first proposed in [6] as a 3-dimensional topological quantum field theory (TQFT), and since then has been further studied by many people; one may refer to [7-9, 23, 27, 30] , etc.
Recall [2, 25] that, given an modular tensor category (MTC), one can associate to each "colored framed link" an invariant, and then use it to define a cobordism invariant, which fits in TQFT axioms. From Γ one can construct the quantum double D(Γ), whose representation category E(Γ) is an MTC, giving rise to a 3d TQFT RT Γ . Freed [10] proved that Z Γ coincides with RT Γ , by computing the DW invariant of the circle to be E(Γ) and applying ReshetikhinTuraev Theorem. This permits us to compute Z Γ (M ) for a 3-manifold M , from a surgery presentation of M .
The fundamental group of a 3-manifold is no doubt important, but as a non-commutative object, it is usually difficult to handle. DW invariant extracts from fundamental group partial information which is manageable. Remarkably, in recent years, many deep connections between 3-manifolds and finite groups have been revealed (see [3, 16, 18, 28, 29] and the references therein). Thus it is worth investigating the MTC E(Γ) for various finite groups Γ. However, till now there is no such work seen in the literature.
Preliminary
Notation 2.1. For elements x, y of some group, let [x] denote the conjugacy class containing x, let Cen(x) denote the centralizer of x, and let y.x = yxy −1 . For a positive integer m, let Z m denote Z/mZ. For a finite field F, let F × denote the set of nonzero elements, which forms a cyclic group under multiplication; let F ×2 denote the set of nonzero squares. Given positive integers a, b with a < b, let [a, b] = {a, a + 1, . . . , b}.
For this section, one may refer to [2] Section 3.2 and [9] . Given a finite group Γ, the quantum double D(Γ) is a quasi-triangular Hopf algebra with underlying vector space spanned by g, x , g, x ∈ Γ, and equipped with the following operations:
• multiplication: g, x h, y = δ g,x.h g, xy ;
• unit: 1 = g∈Γ g, e ;
• comultiplication: g, x → g1g2=g g 1 , x ⊗ g 2 , x ;
• counit: g, x → δ g,e ;
• antipode: g,
• R-matrix: R = g,h∈Γ g, e ⊗ h, g .
Let E(Γ) be the category of finite-dimensional representations of D(Γ). Each object can be identified with a Γ-graded vector space U = x∈Γ U x together with a left action
Here are main ingredients of the MTC structure of E(Γ):
• The tensor product, denoted by ⊙, is given by
The unit object is C with C 1 = C and C x = 0 for all x = 1.
• The associator (U ⊙ V ) ⊙ W → U ⊙ (V ⊙ W ) is given by the natural isomorphism of vector spaces
• The braiding R U,V :
• The dual is given by (U
In addition, there are natural morphisms ι U : C → U ⊙U * and ǫ U : U * ⊙U → C, which respectively can be expressed as
where {u x,a } is an arbitrary basis of U x , and {u * x,a } is the corresponding dual basis of (U x ) * = U * x −1 . For U ∈ E(Γ), call {x ∈ Γ : U x = 0} the support of U and denote it by supp(U ); the character of U is the function
and the quantum dimension of U is defined as
The character satisfies the following:
Let S be a system of representatives for conjugacy classes of Γ. For each x ∈ S, let R x be a system of representatives for isomorphism classes of irreducible representations of C(x), and let R x ⊂ Γ be a system of representatives for left cosets of C(x). For ρ ∈ R x with representation space U (ρ), let U (x, ρ) be the object of E(Γ) with
for each g ∈ Γ and each a ∈ R x , take a ′ ∈ R x and b ∈ Cen(x) such that ga = a ′ b,
In particular, U (1, ρ) is the same as an irreducible representation of Γ.
It is known that each simple object of E(Γ) is isomorphic to U (x, ρ) for a unique pair (x, ρ) with x ∈ S and ρ ∈ R x .
For U = U (x, ρ), put
3 The category E(SL(2, q))
Preparation
Let q = p n with p an odd prime and n ≥ 1. Suppose q ≡ 1 (mod 4); write q = 4h + 1.
For j ∈ {1, 2}, let j = 3 − j.
As is well-known,
Then e is a generator of F × q . We have
For x = a + bẽ, its conjugate is x := a − bẽ = x q , and its norm is
Let tr : F q → F p is the trace. See Section 8 of [22] for definitions. It is known that N :
q is an epimorphism of groups, with kernel generated by f , and tr is surjective.
For k, ℓ ∈ Z, put
Let
also, introduce
According to [11] Section 5.2, each element of SL(2, q) different from ±e is conjugate to a k with k ≡ 0 (mod 2h), or µb ε with µ, ε ∈ {+, −}, or c ℓ with ℓ ≡ 0 (mod 2h + 1). Furthermore, a 
Irreducible representations of SL(2, q)
The irreducible representations of SL(2, q) were given in [11] (Page 71-73); they are (in the notation of [11] 
Here is the character table:
ℓ+1 where
For u ∈ Z q−1 , let u * denote the homomorphism
for v ∈ F q , let v * denote the homomorphism
for w ∈ Z q+1 , let w * denote the homomorphism
As a representation of a ∼ = Z q−1 ,
where the ξ Such decompositions for all the irreducible representations are tabulated as below. This viewpoint plays a key role in explicit decompositions of tensor products, as done in the final part of the next section.
w *
Simple objects of E(SL(2, q)) with nontrivial supports
For u ∈ Z q−1 , put
Note that
For ν ∈ {+, −} and v ∈ F q , let (ν, v) * denote the homomorphism
and put
For w ∈ Z q+1 , put
Summarized as follows:
Each simple object is self-dual. Indeed, we have isomorphisms
For X = U (x, ρ), if ρ(−e) = 1 (resp. ρ(−e) = −1), then we say that the parity of X is even (resp. odd), and write ν(X) = + (resp. ν(X) = −).
Tensor products and braidings
Note that c = k.a(f ), so c ℓ = k.a(f ℓ ).
Proof. Computing directly,
Clearly, k.u ∈ SL(2, q) if and only if a + d, be − c, (a − d)ẽ and bẽ + cẽ −1 are all in F q , which is equivalent to d = a, c = −eb.
2 ) with tr(y j ) = t j , j = 1, 2.
(i) For any a ∈ F × q 2 − {±1}, y 1 y 2 = a(a) if and only if
(ii) For µ ∈ {±1} and b ∈ F × q , y 1 y 2 = µb(b) if and only if
for some x, y with x(t 2 − x) = (t 2 − µt 1 )yb −1 + 1.
2 reads
which together with tr(y j ) = t j implies the result.
(ii)
Remark 4.3. Note that in (i), denoting t = a + a −1 and t j = a j + a Given two simple objects X 1 , X 2 , consider decomposing X 1 ⊙X 2 into a direct sum of simple objects. Suppose supp(X j ) = [x j ], j = 1, 2.
If x 1 = µe, then
We may fix an isomorphism, and define
by post-composing the switching map
So it suffices to determined the multiplicities n ρ . We omit the computations. Suppose x j = ±e, j = 1, 2. Let t j = a j + a −1 j , with
Let ν = + (resp. ν = −) if the parities of X 1 , X 2 are the same (resp. opposite). According to supports, we can primarily decompose X = X 1 ⊙ X 2 as
Denote the restriction of R to
Let G denote the set of u ∈ [1, q − 1] with u ≡ν (mod 2).
e
where ⋆ = 0 is determined by the condition det(f j (i)) = 1; let
is a representation of a , and the character vanishes at a k ′ for all k ′ ; similarly for X odd a k . Hence, regarding of the action of −e,
the isomorphism can be given by the one determined by
with
To compute R [a k ] (f (i)), we need to know the action of
which is sent by (25) to
It follows that
Remark 4.4. Note that the result is not "well-defined" with respect to the choice of u. This is due to our definition of η a j (i), which could have been defined differently according to the parity of i.
If x j = µ j b εj for at least one j, then
where H is the set of i ∈ [1, q − 1] with (denoting e k − e −k = eǩ) i +ǩ ≡ jk +έ j (mod 2); note that if x 1 = µ 1 b ε1 and x 2 = µ 2 b ε2 , then k ≡έ 1 −έ 2 (mod 2), so that H is still nonempty. Hence
the isomorphism determined by
Similarly as the previous part,
2 with ǫ j ∈ {±1} In this case, a j = e kj , j = 1, 2, with ǫ 1 k 1 + ǫ 2 k 2 = k (mod q − 1). It is possible that k j ∈ {0, 2h} for some j, in which case 
The braiding is
If x j = µb ε , then x j = a kµ , and
Thus
By (15), X µbε = 0 requires
When this holds, by Lemma 4.2 (ii),
To compute the braiding, note that b(x + c).
which is sent by (49) to
By Lemma 4.2 (ii), y 1 , y 2 are upper-triangular, so that a j = e kj and X j = A uj k , j = 1, 2, with k 2 = k 1 (µ). For ψ ∈ {+, −}, put
Then
Since
which is sent by (53) to
Hence the braiding is
Now t j = 2µ j and X j = B νj ,vj µj ,εj for j = 1, 2, with µ 1 µ 2 = µ, ε 1 ε 2 = ε. By (15) and Lemma 4.2 (ii),
where H ′ consists of i ∈ {1, . . . , 2q} with (eέ −e 2i+έ2 )e −έ1 ∈ F ×2 q ; for each i ∈ H ′ , write eέ − e 2i+έ2 = e 2î+έ1 . Then
For the braiding, note that
→ µν
X [c ℓ ]
Let I denote the set of i ∈ [1, q + 1] with i ≡ν (mod 2).
and let
. If x j = µb ε , j = 1, 2, then by Lemma 4.2 (i) and Lemma 4.1,
If X j = B νj ,vj µj ,εj for at least one j, then x 0 can chose to be (t − µ j t j )ẽ
2 with ǫ 1 , ǫ 2 ∈ {±1} By Lemma 4.2 (i) and Lemma 4.1,ỹ 1 ,ỹ 2 are diagonal, so a j = f ℓj , ℓ j ∈ [1, 2h], and X j = C wj ℓj , j = 1, 2, with ǫ 1 ℓ 1 + ǫ 2 ℓ 2 ≡ ℓ (mod q + 1). Now
and we have
Obviously,
id.
X [µe]
Due to that each element is conjugate to its inverse, the non-triviality of X [µe] requires x 2 = µx 1 . Suppose
Evaluating at ±e, ±b ε , a
with tr 1 , tr 2 , tr 3 , tr 4 depending on X 1 , X 2 .
No representative of a nontrivial conjugacy class fixes any component, except for a
When d = 0, we have an isomorphism
and then use this to find the braiding:
When |d| = 2h, we have an isomorphism
In the remaining case, |d| = 0, h,
determined similarly, and the braiding is
If ν = −, i.e., 2 ∤ d, then we can solve out n ′ = n ′′ = 0, n 0 = 0,
and the isomorphism
can be determined similarly, and the braiding is also 
Note that b −1 ε = a h .b ε , instead of using j. So
If ν 1 = ν 2 , then 
and the braiding is
When |d| = 2h + 1,
the isomorphism determined similarly, and the braiding is R [µe] = ζ µℓw q+1 id.
